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Abstract3Recent research on the professional knowledge of mathematics teachers, whichhas been carried out in the last decade, is in the focus of this paper. Buildingon the international IEA Teacher Education and Development Study – Learningto Teach Mathematics (TEDS-M), this paper describes a more situated way ofevaluating the professional knowledge of teachers. The theoretical frameworkof the follow-up study of TEDS-M takes up the novice-expert framework andanalyses via video-based assessment instruments the structure and developmentof the professional knowledge of mathematics teachers. More recent conceptson noticing and interpreting classroom situations and students’ activities are alsoincorporated into the analysis. Connecting the results of the study TEDS-FUwith the study TEDS-M gives insight into the development of the professionalknowledge of mathematics teachers.Key wordsEmpirical studies, international comparative studies, teacher education.
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ResumenLas investigaciones recientes sobre los conocimientos profesionales de los profeso-res de matemáticas, llevadas a cabo en la última década, son el foco de este trabajo.A partir del Estudio sobre la Formación y Desarrollo de Docentes – Aprender cómoEnseñar las Matemáticas (TEDS-M) de la IEA (Asociación Internacional para laEvaluación de Logro Educativo), este documento describe una forma de evaluar losconocimientos profesionales de los docentes más contextualizada. El marco teóricodel estudio de seguimiento de TEDS-M retoma el marco del principiante - expertoy analiza a través de instrumentos de evaluación basados en vídeo la estructura yel desarrollo de los conocimientos profesionales de los docentes de matemáticas.Conceptos más recientes sobre notar e interpretar situaciones en el aula y lasactividades de los estudiantes también se incorporan en el análisis. La conexiónde los resultados del estudio TEDS-FU (Estudio sobre la Formación y Desarro-llo de Docente, Seguimiento) con el estudio TEDS-M aporta entendimiento en eldesarrollo de los conocimientos profesionales de los docentes de matemáticas.Palabras claveEstudios empíricos, estudios internacionales comparativos, formación de docentes.
1. Introduction
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The first trend including the social dimension of mathematics teacher education in-corporates a shift from the perspective of the training of individual future teachersand teachers to practice and research emphasising the social dimension in teachereducation has led to a strong change in the discussion on teacher education. For ex-ample, Krainer and Llinares (2010) point out that the concepts of collaborative learning,teacher-inquiry groups, communities of practice have played an important role in therecent discussion on mathematics teacher education, which is reflected in a strong shifttowards the inclusion of sociological and sociocultural theories in research papers inthe conference proceedings of PME.The second trend, with a focus on teachers’ reflective practice, is partially connectedwith the social shift described above and refers to the growth of teachers as profession-als. For example, the research developed in the last decade on teachers’ noticing whenthey observe their classes, how they interpret the observations made and how theseinterpretations change their practice, belongs to this developing aspect of research.The third trend described by Krainer and Llinares as
increasing attention to the general conditions of teacher education (e.g., time,structure, institutional settings, and human resources), is newer and can be seenas an influence of work done on the practice and research in MTE in other fields,for example, organizational development (p. 702).
Krainer and Llinares (2010) make a strong plea for
taking these three trends seriously and regarding them as the challenges for thefuture” (p. 704). They comment that a further challenge is the fact that manystudies on mathematics teacher education use qualitative research methods andargue that “more external and quantitative research are needed, in particular,looking at the outcomes of diﬀerent types of teacher education or at longitudinalstudies of mathematics teachers’ learning and career. In all these cases, largepopulations are necessary to test relevant hypotheses (p. 705).
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The questions of how eﬀective diﬀerent educational systems on mathematics teachersare, and to what extent do country-specific diﬀerences exist, has lead the Interna-tional Association for the Evaluation of Educational Achievement (IEA) to implementan international study on the eﬀectiveness of teacher education at primary and lowersecondary level, the so-called “Teacher Education and Development Study – Learningto Teach Mathematics (TEDS-M)” (see Tatto et al., 2008) in the last decade. In thefollowing sections, an overview on the discussion of the professional knowledge of (fu-ture) mathematics teachers will be presented including the TEDS-M study on teachereducation and a follow-up study on the professional knowledge of practising teachers,the so-called TEDS-FU study in which the transition of mathematics teachers fromteacher education into the profession is examined.
2. Survey on the professional knowledge of (prospective)mathematics teachers
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– in line with Shulman – a limited number of components to be part of PCK anddistinguish PCK from other categories of teachers’ knowledge base, such as con-tent knowledge and general pedagogical knowledge. By contrast, proponents of asituated perspective on PCK as knowing-to-act within a particular classroom con-text, typically acknowledge that the act of teaching is multi-dimensional in natureand that teachers’ choices simultaneously reflect mathematical and pedagogicaldeliberations (p. 22).
These paradigmatic diﬀerences in the conceptualisations of PCK have, according toDepaepe et al. (2013), an impact on the way in which PCK is empirically investigated.
Advocates of a cognitive perspective on PCK believe it can be measured inde-pendently from the classroom context in which it is used, most often through atest. They typically focus on gaps in individual teachers’ PCK, on how PCK isrelated to and distinguished from other categories of teachers’ knowledge base. . . . Adherents of a situated perspective on PCK, on the contrary, typically assumethat investigating PCK only makes sense within the context in which it is enacted.Therefore, they often rely on classroom observations (in some cases supplementedwith other data sources such as interviews, lesson plans, logbooks) . . . (p. 22)
The analyses by Depaepe et al. (2013) characterise the paradigmatic disagreementamong scholars on the way how to conceptualise and evaluate teachers’ professionalknowledge, including PCK, within diﬀerent perspectives. Depaepe et al. (2013) concludeby calling for the integration of the cognitive perspective and the situated perspective,because both perspectives have their pitfalls, for example, neglecting the socio-culturalbackground of teaching or ignoring of the interactions of diﬀerent knowledge cate-gories within the cognitive perspective. Both perspectives provide powerful insightsinto teacher professional knowledge and so should be harnessed in a way that furthersunderstanding of how this aspect of teacher education influences teaching and learning.In the following we will describe the results of the TEDS-M study and its continuationin TEDS-FU in order to show, how both kinds of research can be integrated.
3. Design and structure of TEDS-M
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(Richardson 1996; Thompson 1992)
Teacher co petencies
Figure 1: Conceptual model of teachers’ professional competencies.
These facets of professional knowledge are further diﬀerentiated: mathematical contentknowledge covers the main mathematical areas relevant for future teachers, mathemat-ics pedagogical content knowledge covers curricular knowledge, knowledge of lessonplanning and interactive knowledge applied to teaching situations (see fig. 2).
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TEDS-M examined the eﬀectiveness of mathematics teacher education using the in-struments of a future teacher survey, teacher educator survey, expert survey, documentanalysis of a sample of course oﬀerings. The cognitive and aﬀective-motivational facetsof the future teachers’ competencies were measured as criteria for eﬀective teachereducation. The future teachers’ MCK and PCK were assessed in every participatingcountry of TEDS-M, as well as their subject-related beliefs and professional motiva-tions. Germany, Chinese Taipei and the USA assessed the GPK in a supplementarystudy using an instrument developed by König et al. (2011). Metacognitive abilities,however, were not part of the TEDS-M surveys.Due to space limitations we cannot describe item examples, but refer to the exten-sive descriptions in Blömeke et al. (2014) and ZDM – The International Journal onMathematics education, issue 3 in 2012.
4. Professional knowledge of prospective mathematicsteachers – results of TEDS-M
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see amongst others the comprehensive overview on the TEDS-M results in Blömeke etal., 2014 and Tatto et al., 2012).A comparison of the relative strengths and weaknesses in MPCK and MCK (using ip-sative values) reveal interesting results. Comparing the achievements of the prospectiveprimary teachers country-wise in the area of MCK and MPCK allow to develop countryspecific achievement profiles:
Relatively strong achievement in MCK compared to international mean diﬀerencesbetween MCK and MPCK – from Asia, the prospective teachers from Chinese Taipeiand Thailand belong to this group, from East and Middle Europe the future teachersfrom Russia, Poland, Germany and Switzerland can be assigned to this group.Relatively strong achievement in MPCK compared to international mean diﬀerencesbetween MCK and MPCK – several Eastern and Western countries contribute to thiscohort, namely the future teachers from Norway, the USA, Spain, Chile, Malaysia,and the Philippines.Knowledge relatively levelled and close to international mean diﬀerences betweenMCK and MPCK – one East Asian country, namely Singapore, and one countryfrom the former Soviet Union, namely Georgia, belong to this group as well asBotswana.
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ing the importance of the diﬀerent opportunities to learn: former analyses emphasizedmathematics as predictive instance for the diﬀerent educational attainment results.Looking at teacher competence as a multidimensional construct, the influential eﬀect ofMPCK courses come into the foreground (Blömeke et al., 2012). More important resultsof TEDS-M can be found in relevant journals or in Blömeke et al. (2014).
5. Design and structure of TEDS-FU
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sign. 171 teachers from the secondary cohort and 130 teachers from the primary cohortparticipated once more in the study.
6. Professional knowledge of mathematicsteachers – results of TEDS-FU
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teachers’ skills if the MCK and MPCK development between TEDS-M and TEDS-FUis taken into account (Blömeke et al., accepted).The ability to notice classroom situations adequately and reason appropriately is in-fluenced strongly by both knowledge facets, whereas the ability to recognise studenterrors depends more strongly on MCK than on MPCK. These results reveal once morethe diﬀerences in the nature of MCK and MPCK (see Buchholtz et al., 2014).Further evaluation of the TEDS-FU data on the nature of teacher expertise – describingthe relation between knowledge, noticing and reasoning in classroom situations, and thespeed of student error recognition – reveal unexpected results. If one distinguishes thefacets of noticing and reasoning in classroom situations under an applied perspective,i.e. either content-related or pedagogical-oriented, the study points out that teacherexpertise can neither be adequately described via models claiming either homogeneityof these indicators for expertise or by distinctions of facets according to domains orassessment methods. Based on our data, expertise can best be described with a two-dimensional model distinguishing between content-related knowledge (MCK, MPCKand speed in mathematics error recognition) and performance-related competencies(GPK, noticing and reasoning).Analyses (based on IRT scaling and exploratory factor analysis) on GPK point outthat the abilities to noticing and reasoning knowledge-based are in fact two looselyconnected but diﬀerent dimensions. The level of GPK at the end of teacher educationdoes not predict these two abilities, which suggests that teachers’ cognitions are re-organized during the transition into teaching. However, there exist relations betweenthe current level of GPK and the ability to reasoning knowledge-based in contrast tonoticing (for details see König et al., 2014).Until now, it remains an open question as to whether teachers from primary levelshave a similar structure of expertise, and if professional knowledge develops in thesame manner or diﬀerently because of their diﬀerent teaching practice. To summarise,the results of the studies described above show the diﬀerentiated nature of the expertiseof mathematics teachers, the complicated interplay between the diﬀerent facets of theprofessional knowledge of teachers and the high relevance of teaching practice for thedevelopment and the organisation of the professional knowledge of teachers in orderto become true experts in their field.
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